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Abstract
Theoretical approaches to application of frequency based vibration methods for damage 
detection have hitherto been restricted to one-dimensional structures. In this paper, an energy 
based method for damage detection in plates using frequency measurements is developed. The 
change in natural frequency due to a crack in the plate is related to the modal curvature at the 
location of the crack and the Damage Index which is a function of the crack size. A 
methodology for solution of the inverse algorithm is developed based on a gradient based 
minimisation technique, which allows the determination of the X and Y coordinates of the 
crack location, the crack orientation and the crack size from measured changes in frequencies. 
The theory and the methodology developed for damage assessment is validated using 
numerical simulation. The predicted damage parameters are found to be in excellent 
agreement with the actual values employed in the simulation.

Keywords:  Structural Health Monitoring, damage assessment, crack detection, frequency 
measurements, vibration based damage detection, plate vibration

Introduction

Due to structural ageing and dynamic loading, aircraft structures inevitably develop fatigue 
cracks. To prevent catastrophic failure of these structures, damage must be detected at the 
earliest possible stage. Since conventional non-destructive inspection techniques are mostly 
unsuitable for online implementation, new techniques, more conducive for online structural 
health monitoring, are being developed. Because of their high sensitivity, whole field 
coverage and ease of application, vibration based techniques are being considered by various 
researchers as a promising approach for in-situ damage detection.

Vibration parameters are sensitive to the initiation and progression of damage in a structure 
and also sensitive to location and extent of damage, which makes the inverse problem of 
characterising the damage viable. The occurrence of damage produces a local change in 
stiffness which in turn alters the dynamic properties of the structure, viz. natural frequencies, 
mode shapes and damping. Hence by monitoring the change in any or all of these parameters, 
damage can be identified and assessed. 

Although damping characteristics are affected by damage, the use of damping measurements 
as a damage detection technique is yet to be established due to the difficulties in measuring 
damping coefficients accurately and their sensitivity to other external influences. Mode shape 
methods and measurement of changes in frequencies are the two main classes of vibration 
based damage detection methods currently being researched. The presence of a local defect 
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produces only a small local variation in the overall mode shape of a structure, but this shows 
up as a sharp deviation in the second derivative, i.e. the curvature distribution, due to the
direct relation between curvature and stiffness. Hence mode shape methods based on 
comparison of curvature functions are more successful than those monitoring changes in 
modal deflections. However, all mode shape methods suffer from the disadvantage of 
requiring time consuming and meticulous measurement of displacements or accelerations over 
a large number of points on the structure before and after damage. Further, since the presence 
of damage is indicated by a localised difference in the magnitudes of the mode shape values 
before and after damage, noise in the measurement data can often drown the damage signature 
or give rise to false calls. The sensitivity and accuracy of mode shape methods are highly 
dependent on the number and distribution of sensors employed, and the quality of signal 
processing. On the other hand, for damage detection based on shifts in natural frequencies, 
only a one off measurement is necessary, i.e. measurement at a single location with one sensor 
is sufficient. Additionally, frequency measurement is more reliable, repeatable, more accurate
and less sensitive to noise [1]. 

Current frequency based damage detection methods mostly employ numerical simulations 
using model updating techniques [2]. By matching frequency shifts predicted by models with 
damage at different locations and of different sizes to the actual measured changes in 
frequencies, damage can be identified and its size and location estimated. The main drawback 
of matching measured frequency changes to those predicted by numerical simulation is that an 
accurate numerical model has to be developed first; the accuracy of the damage detection 
depends on the accuracy of the model employed. Previous attempts of damage detection using 
analytical methods [3, 4] have mainly focused only on beams, using Euler Bernoulli or 
Timoshenko beam theory. The main approach has been to model the crack as a rotational 
spring, and derive expressions for the natural frequencies of the damaged beam either using 
force equilibrium method or using energy formulation [5-7]. The increment in vibrational 
energy due to the presence of damage is modelled as the energy stored in the spring, whose 
flexibility is related to the damage size using fracture mechanics principles [6, 7]. 

The analytical approach using the spring analogy has hitherto been restricted to one 
dimensional structures, mainly due to the difficulty in deriving theoretical models for resonant 
frequencies of more complex structures with damage in them. The spring analogy is not 
entirely appropriate for a plate like structure, as the presence of a local damage does not 
produce a sharp discontinuity in gradient across the structure as it does in the case of beams. 
However, a new form of energy approach is applicable to plates as well as more complex 
structures, in which the percentage shift in natural frequencies due to damage is established 
directly in terms of the ratio of the energy stored in the crack to the energy of vibration in the 
entire structure. The energy stored in the crack can be related to the crack size based on 
fracture mechanics principles and the vibrational energy of the undamaged structure can either 
be determined analytically, or by numerical simulation or through direct measurement of the 
modal deflections on the structure. Kannappan et al. [8, 9] demonstrated that natural 
frequencies of a structure before and after damage, combined with the undamaged structure’s 
mode shapes obtained from numerical modelling or experiments can be employed 
successfully to detect and characterise damage. The advantage of using measurements of 
mode shape deflections is that the need for analytical and numerical modelling is eliminated -
although this does involve taking arduous measurements over a large number of points on the 
structure. Once the natural frequencies of the undamaged structure are known, damage can be 
detected and assessed using only measurements of frequencies and mode shapes on the 
structure suspected of having damage. It may be noted that unlike pure modeshape methods, 
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which use differences in measured mode shapes to identify damage, damage detection using 
frequency measurements, in which mode shape measurements are employed for determining 
the structure’s vibrational energy, is not sensitive to noise in modal deflection data. In fact, the 
mode shapes can be measured either on the undamaged or on the damaged structure, further it 
may be filtered and smoothed to eliminate noise without fear of losing the damage signature. 
Kannappan et al. validated this new hybrid technique by applying it to detect through 
thickness cracks in cantilever beams [8, 9] and further demonstrated its applicability to plates 
with cracks of known orientation [10].

In the case of beams, only two parameters are required to define the crack, the crack size and 
its location. For plates with cracks, there are four unknown parameters to be determined, the X
and Y co-ordinates of the location of the crack, the crack length and its orientation. The 
solution to the inverse problem of determining these four unknown parameters from measured 
changes in frequencies is a rather formidable problem. To validate the energy formulation for 
plates in the earlier work [10], the number of unknowns was reduced to three by considering 
only cracks of known orientation and solving the inverse problem using a graphical, least 
squares approach. In the present paper, the methodology for solution of the inverse problem 
for the general two dimensional case with four unknown parameters is presented. The damage 
parameters are determined using a gradient based minimisation technique, viz., Sequential 
Quadratic Programming (SQP).

Theory for Shift in Natural Frequency of Plate due to Damage

The underlying principle behind vibration based damage detection is that, the dynamic
behaviour of a structure changes due to the presence of damage. These changes in dynamic 
parameters can inturn be used to determine the damage parameters, location and size of 
damage. The objective of this study is to apply this principle and derive the damage detection 
theory for beams and plates.

Using perturbation theory, Gudmundson [11] showed that the change in frequency of the 
beam can be related to change in strain energy due to presence of crack as 

                                                          (1)

where,
ωn is nth mode natural frequency of the uncracked structure,
ω*n is nth mode natural frequency of the cracked structure,
ΔUn is the increase in nth mode strain energy due to the finite increase in rotation at the crack, 
equal to the strain energy stored in the crack (U*n − Un),
U*n is nth mode strain energy stored in the damaged structure and,
Un is the strain energy of the undamaged structure in nth mode.

A first order approximation of Eqn. 1 yields

                                                              (2)
Here, Δω signifies a decrease in the frequency values due to the presence of the crack and is 
defined as Δωn=ωn-ω*n. This equation (Eqn. 2) is the basis for developing the theory of 
damage detection in plates. This energy based technique is based on the fact that geometrical 
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changes in the structure due to the crack produce change in natural frequencies. A
methodology to calculate energy stored in a undamaged plate and that stored in the through 
thickness crack are calculated using Kirchoff’s classical plate theory and fracture mechanics
respectively. Using this methodology, the forward problem of computing frequency shifts for 
known crack parameters, can be solved.

Fig. 1 shows the schematic of a plate containing a crack located at xc, yc, oriented at an angle 
Φ whose size is 2b. The plate is assumed to be of length L and width 2w with moments Mx

and My acting perpendicular to x and y axis respectively. The total energy stored in the plate is 
calculated from Kirchhoffs classical plate theory. The energy equation is obtained from 
Ugural [12] as

Substituting non-dimensional coordinate for locations over the surface of the plate as α = xc/L
and β = yc/2w in the above equation,

                  (3)
If curvature terms in the above equation is replaced with

         
Eqn.3 becomes

Fig. 1:  Plate containing crack oriented at an angle Φ
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                                                             (4)

where, A is the area of the plate (L * 2w).

If KI is the Stress Intensity Factor (SIF), E the Young’s modulus and A the area of the crack 
along the cross section of the beam, then the change in elastic deformation energy due to the 
crack, as given by Kobayashi [13], is

                                                         (5)
The square of the SIF on the right hand side of Eqn.5 is to be integrated over the area of the 
crack. SIF (KI) for this crack configuration is given by Boduroglu and Erdogan [14] as

Substituting for KI in Eqn. 5, we have

As dA = 2h * db

                                             (6)
where,

and Mo is the moment acting along the length of the crack at a direction perpendicular to the 
length of crack i.e. along axis n, shown in Fig. 1. Moment acting along the crack, Mo can be 
obtained from theory of plates involving calculation of moments along inclined planes. The 
equation for transformation of moments described in [12] is used here.

    (7)
where, Mx and My are the pure bending moments acting perpendicular to x and y axes 
respectively and Mxy is the twisting moment defined as

                  (8)

Here, D is flexural rigidity of the plate equal to Eh3/12(1−ν2), ν is the Poisson’s ratio and κ is 
the curvature of the lateral deflection of the plate (ψ) at the location of the crack. Substituting 
Eqns. 7 and 8 in Eqn. 6
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                (9)
Substituting non-dimensional co-ordinates over the surface of the plate as α=xc/L and β=yc/L

(10)
If the curvature terms at the location of the crack is replaced with

Eqn.9 becomes

                                                        (11)

Substituting Eqns. 4 and 11 in Eqn. 2, we get,

                                 (12)

where,

                                                          (13)
If the crack parameters (α, β, φ and b) are known, natural frequency change in the plate due to 
the presence of crack is calculated using Eqn. 12. It is important to note that the Damage 
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Index (DI) is independent of the location (α and β) or orientation of the crack (Φ) and 
dependent only on the crack size. The DI (Eqn. 13) is derived using SIF for thick plates 
obtained from Boduroglu and Erdogan [14]. The finite width correction factors (f(γ)) for plates 
whose semi-width to thickness ratio (w/h) are 2, 4, 6, 8 or 10 can be obtained from [14]. 
Moreover, it can be observed that χI is constant for a given mode for a given plate irrespective 
of the presence or absence of crack. Thus the location and orientation of the crack are 
completely instrumental in determination of the energy parameter χc.

Solution to Inverse Problem of Crack Assessment in Plates

Solving the inverse problem using natural frequency changes in beams involved only two 
variables; location and size of crack. Thus the determination of damage location and size were 
accomplished graphically using DI vs β curves [5, 7, 9]. But for damage detection in plates, 
the changes in natural frequencies are dependent on four variables and solving a four variable 
problem graphically is tedious and not practical. If one of the four variables is known, the 
other three variables can be determined using graphical technique. For example, if the 
orientation of the crack is known and the normalised x and y location of the crack is expressed 
as α and β respectively, then α vs β vs DI surfaces can be generated and the location of 
minimum distance between the surfaces would yield the damage location and size of crack. 
This method was used by Kannappan et al. [10] to find the location and size of cracks in
plates, whose orientation was known a priori (Φ = 90◦).

Solving for four variables from the measured change in frequencies can be formulated as a 
minimisation problem. The error between the measured change in frequencies and the change 
computed from the developed theory is minimised thus finding the optimum crack parameters.
Eqn. 12 can be rewritten as,

                                     (14)

Here F is the objective function that needs to be minimised. Thus the problem involves 
finding the optimum crack parameters, α, β, φ and b such that F is minimum. Techniques like 
Sequential Quadratic Programming (SQP) and computational intelligence based algorithms 
(Evolutionary Algorithm, Genetic Algorithm) can be used to solve the inverse problem. For n
modes of undamaged and damaged frequencies of the plate, n equations can be formed based 
on Eqn. 12. As four crack parameters are to be determined, at least four modes of natural 
frequencies of undamaged and damaged structure are required to solve the inverse problem. In 
this study, one of the gradient based minimisation algorithm is used (SQP).

SQP is a gradient based optimisation method which iteratively improves the solution by 
moving a random probable solution along the direction of greatest decrease in function value. 
fmincon, a built-in function in the optimisation toolbox of MATLAB, is used for this purpose. 
Bounds, the minimum and the maximum value of the variables are specified. A starting point 
for each variable is specified by selecting a random number within the bounds of each 
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variable. As SQP is a gradient based algorithm, it suffers from the common disadvantage that 
the final solution depends on the starting point especially if the function F is multimodal 
(contains multiple minima). Hence SQP algorithm is iterated 20 times with random set of 
starting points and the best solution is considered the actual solution. The best solution is the 
iteration which yielded the minimum function value. The optimiser determines the x and y
location, orientation and damage size in terms of DI. From the Damage Index, damage size is 
quantitatively obtained using Eqn. 13.

Validation by Numerical Simulation

For Finite element modelling, commercial software ANSYS V11 is used. The plate is 
considered to be simply supported along all 4 edges and is made of steel with Young’s 
modulus 192.28GPa and density 7808.4Kg/m3. The plate modelled in FEA is 150mm long, 
100mm wide and 5mm thick with an aspect ratio of 1.5. For modelling plates in ANSYS, the 
shell element SHELL63 was used. Ten different damage cases are used to validate the 
proposed theory of using change in natural frequencies and mode shapes of the undamaged 
plate. The undamaged plate is first modelled in ANSYS and first 6 natural frequencies are 
extracted, along with the deflections at 600 points over the plate surface for every mode. Then 
crack is modelled in the plate by separating the nodes along the crack length. This procedure 
is followed for all ten damage cases and the natural frequencies are extracted. The non 
dimensional X and Y locations of the simulated cracks (= Xc/L= Yc/2W), the crack 
orientation () and the crack size non-dimensionalised with respect to the short edge of the 
plate  (= b/W) are listed for the ten cases in Table 1 along with the corresponding natural 
frequencies obtained from FEA for the first six modes.

Table 1. Damage Cases and Corresponding Natural Frequencies from FEA

Damage 
case

α β Φ γ Mode1 Mode2 Mode3 Mode4 Mode5 Mode6

Undamaged plate 1721.5 3310.4 5296.7 5958.5 6885.1 9532.2

1 0.25 0.25 90 0.05 1721.2 3308.5 5295.8 5956.3 6881.0 9528.0

2 0.25 0.25 90 0.10 1720.4 3302.4 5293.0 5948.9 6868.9 9514.1

3 0.25 0.30 60 0.15 1714.6 3289.6 5286.1 5944.3 6844.3 9484.6

4 0.25 0.30 60 0.20 1709.3 3273.9 5277.7 5932.0 6815.8 9449.0

5 0.35 0.25 30 0.05 1720.4 3310.0 5291.1 5957.9 6880.2 9532.0

6 0.35 0.25 30 0.10 1717.1 3308.8 5273.6 5955.8 6865.0 9530.8

7 0.40 0.25 30 0.05 1720.4 3310.3 5290.2 5956.9 6882.4 9529.2

8 0.40 0.25 30 0.10 1717.0 3310.1 5270.3 5951.8 6874.4 9518.8

9 0.25 0.40 0 0.15 1712.1 3292.5 5280.4 5947.8 6854.9 9516.2

10 0.25 0.40 0 0.20 1704.8 3279.0 5266.1 5939.9 6828.9 9500.6

The frequency data from the numerical simulation listed in Table 1 was then employed to 
solve the inverse problem, i.e. to predict the four damage parameters, viz., the X and Y co-
ordinates of the damage location, the crack orientation and the crack size from the changes in 
frequencies for each of the ten damage cases. This was done using the afore-mentioned SQP 
algorithm to minimise the objective function represented by Eqn.14. The curvature terms χc

and χI corresponding to each vibration mode n were calculated by numerical differentiation of 
the plate deflections obtained from the finite element simulation. The results obtained for the 
solution of the algorithm, i.e. the predictions of the crack parameters from the “measured” 
frequency changes are presented in Table 2. It may be observed that since there are four 
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unknown crack parameters, a minimum of four modal frequencies are required to determine 
them. However if only four modes were employed, the solution often converged to adjacent 
local minima instead of the global minimum. It was found that this could be avoided using 
more number of modes. When frequency changes from six modes were employed the solution 
was found to converge to the global minimum quite reliably and give the most accurate 
results. Hence frequency data from all six modes were employed to assess the damage and 
determine the crack parameters. 

In Table 2, the percentage errors are presented in terms of the normalised values of the 
parameters. For example, the percentage error in X location is the difference between the 
predicted value of X and the actual value of X divided by the length of the plate and 
multiplied by hundred, i.e. it is the difference between the normalised values, the predicted 
and the actual , multiplied by 100. In the case of the crack orientation, the angles are 
normalised by dividing them with the maximum possible value of ninety degrees for the 
orientation.

It can be observed from Table 2, that the error in locating the crack present in the plate is <1% 
and that in predicting the crack orientation and size is less than 3%. It can also be observed 
that, for damage cases 1 and 5, where the crack size is small (γ=5% of the plate width), errors 
in predicting all the four crack parameters are relatively less (maximum error ~1.5%). 
Moreover, the maximum error (~3%) is observed in damage cases 4 and 10, where the crack 
length is 20% the plate width. This can be attributed to the inaccuracy in frequency values 
extracted from ANSYS as the modelling approach used in this study did not take into account 
the contact and material non-linearity due to crack, which is proportional to the crack length.

Table 2. Discrepancies between Predicted and Actual Values of Damage Parameters

Damage 
case

Actual crack parameters % error

α β Φ γ α β Φ γ

1 0.25 0.25 90 0.05 0.0 0.1 1.0 1.5

2 0.25 0.25 90 0.10 0.3 0.4 1.1 2.3

3 0.25 0.30 60 0.15 0.2 0.6 1.7 2.7

4 0.25 0.30 60 0.20 0.4 1.0 2.6 3.2

5 0.35 0.25 30 0.05 0.3 0.5 0.6 1.5

6 0.35 0.25 30 0.10 0.3 0.5 0.5 2.2

7 0.40 0.25 30 0.05 0.2 0.5 1.9 1.5

8 0.40 0.25 30 0.10 0.3 0.3 0.9 2.2

9 0.25 0.40 0 0.15 0.1 0.5 1.7 2.6

10 0.25 0.40 0 0.20 0.1 0.9 2.7 2.9

Conclusion

A novel theory has been developed for damage detection in plates based on the energy stored 
in the structure due to crack. It is shown the percentage reduction in frequency due to the 
presence of damage in any particular mode is directly proportional to the Damage Index and 
the curvature at the location of the crack. The Damage Index is a function of the normalised 
crack length, but is independent of the crack location and the vibration mode; whereas, the 
curvature term is a function of the crack location, crack orientation, the vibration mode and 
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the boundary conditions of the plate. It is interesting to note that both terms are independent of 
the stiffness of the plate material, thus the percentage change in frequency is independent of 
the material (except for the effect of the Poisson’s ratio). The inverse problem of determining 
the location of the damage and assessing the crack size and orientation from measured 
changes in frequencies is solved using a gradient based minimisation technique (SQP). The 
formulation of the theory for plates and the methodology for prediction of damage parameters 
is validated by numerical simulation using ten different damage scenarios. The discrepancies 
between the damage parameters estimated from the recorded frequency shifts and the actual 
ones is less than 5% in all cases. 
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